Handout 1: Equation System for Unconstrained SAM Multiplier

We replace actual numbers in the SAM with the following symbols.

	
	Activities
	Commodities
	Factors
	House-holds
	Exogenous demand
	Total

	
	A1
	A2
	C1
	C2
	F
	H
	E
	

	A1
	
	
	X1
	
	
	
	
	X1

	A2
	
	
	
	X2
	
	
	
	X2

	C1
	Z11
	Z12
	
	
	
	C1
	E1
	Z1

	C2
	Z21
	Z22
	
	
	
	C2
	E2
	Z2

	F
	V1
	V2
	
	
	
	
	
	V

	H
	
	
	
	
	V1 + V2
	
	
	Y

	E
	
	
	L1
	L2
	
	S
	
	E

	Total
	X1
	X2
	Z1
	Z2
	V
	Y
	E
	



We divide columns by their total to derive the coefficients matrix (M-matrix). Note that the M-matrix excludes the exogenous components of demand.

	
	Activities
	Commodities
	Factors
	House-holds
	Exogenous demand
	Total

	
	A1
	A2
	C1
	C2
	F
	H
	E
	

	A1
	
	
	b1= X1/Z1
	
	
	
	
	X1

	A2
	
	
	
	b2= X2/Z2
	
	
	
	X2

	C1
	a11=Z11/X1
	a12=Z12/X2
	
	
	
	c1 = C1/Y
	E1
	Z1

	C2
	a21=Z21/X1
	a22=Z22/X2
	
	
	
	c2 = C2/Y
	E2
	Z2

	F
	v1=V1/X1
	v2=V2/X2
	
	
	
	
	
	V

	H
	
	
	
	
	1
	
	
	Y

	E
	
	
	l1 = L1/Z1 
	l2 = L2/Z2
	
	s = S/Y
	
	E

	Total
	1
	1
	1
	1
	1
	1
	E
	



Values
X	Gross output of each activity (i.e., X1 and X2)
Z	Total demand for each commodity (i.e., Z1 and Z2)
V	Total factor income (equal to household income)
Y	Total household income (equal to total factor income) 
E	Exogenous components of demand (i.e., government, investment, and exports)
Shares
a	Technical coefficients (i.e., input or intermediate shares in production)
b	Share of domestic output in total demand 
v	Share of value-added or factor income in gross output
l	Share of the value of total demand from imports or commodity taxes
	c	Household consumption expenditure shares
	s	Household savings rate (i.e., savings as a share of household income) 



So we can now derive equations representing the relationships in the SAM. We start with the simple demand equations.
 
	
	(A1)

	
	


Total demand = intermediate demand + household demand + exogenous demand

From the SAM, we know that domestic production X is only part of total demand Z.
	and 	
We know that household income Y depends on the share each factor earns in each sector.
	or 	

Now we replace Xs and Vs in Equation A1. 
	
	

	
	



We move everything except for E onto the left-hand side.
	
	

	
	



We group Zs together. 
	
	(A2)

	
	



We express Equation A2 in matrix format.
	
	(A3)




The first term in Equation A3 is the identity matrix (I) minus the coefficient matrix (M).


If we rename the other two vectors Z and E then we can simply Equation A3. 
	
	(A4)



Rearranging, we get the final multiplier equation.
	
	(A5)


Total demand = multiplier matrix  × exogenous demand

This tells us that when exogenous demand [E] increases, then after you have taken all the direct and indirect multiplier effects into account [(I-M)-1], you will end up with a final increase in total demand equal to Z.
[bookmark: _Toc161633877][bookmark: _Toc206407296]
Handout 2: Equation System for Constrained SAM Multiplier

We now consider how the multiplier changes if some producing sectors are unable to respond to changes in demand or are supply constrained. For fixed sectors (Z2), imports substitute for domestic supply, thus eliminating any growth linkages from this sector.

Equation A2 from Handout 1 expressed total demand as the sum of its parts.
	
	(A2)

	
	



We group exogenous terms on the right-hand side (i.e., E1 and Z2).
	
	(A6)

	
	



We express Equation A6 in matrix format.
	
	(A7)



The first term in Equation A7 is the identity matrix (I) minus an adjusted M-matrix
			(A7.1)

The first term on the right-hand side of A7.1 is a new term called B.
				(A7.2)

Simplifying Equation A7.2, we now get the equation below.
	
	(A7.3)



Rearranging, we get the new constrained multiplier equation.
	
	(A8)


						
This equation tells us that an exogenous increase in demand for the unconstrained sectors [E1] leads to a final increase in total demand for these sectors [Z1] including all of the forward and backward linkages [(I-M*)-1]. However, for the sectors with constrained supply, it is net exports that decline (that is, imports increase). Because exports are included inside exogenous demand [E2], the equations solve for the impact of a change in demand [Z2] on exports [E2], rather than the other way around.
